Abstract-In this paper a model based in lumped elements is presented for the characterization of integrated inductors. The model allows the modelling of integrated inductors for a wide range of frequencies and different inductor topologies, thus granting the evaluation of important design parameters such as inductance, quality factor and self-resonance frequency. The model will be explained in detail and compared against electromagnetic simulations for a 0.35-µm and 0.13-µm CMOS technologies. Results for square and octagonal geometries are presented. A statistic analysis is also presented for the octagonal topology in order to validate the model over a wide range of geometric variables in 0.35-µm CMOS technology.
I. INTRODUCTION
Due to the ever-growing importance of the mobile telecommunications market, the need for small, cheap, and low-power radio frequency (RF) circuit components cannot be underestimated. One of the bottlenecks faced by RF designers is the lack of analythical compact models which accurately define the self-resonance frequency (SRF), the quality factor and the inductance of integrated inductors over a range of frequencies. In order to solve this problem, electromagnetic simulators are used to predict the behaviour of passive devices with a high degree of accuracy [1] . However, the designer must have some expertise with electromagnetic solvers and, additionally, a longer design time is required due to the increase in computation time. Therefore, analytical models are usually used for the description of the inductors in order to speed up the analysis phase of the design. Among these models, physical or lumped-element models, that relate geometrical parameters to inductors performances, are widely used in optimization processes [2] [3] . Several lumped-element inductor models have been proposed, such as the well known π-model [4] . analytical expressions for the evaluation of this model have This research work has been partially supported by the TEC2010-14825 Project, funded by the Spanish Ministry of Economy and Competitiveness (with support from the European Regional Development Fund).
This work was supported by national funds through FCT -Fundacão para a Ciência e Tecnologia under project PEst-OE/EEI/UI0066/2011 . been proposed in the literature [5] . However, is difficult to validate the accuracy of these physical equations for a wide range of frequencies. In this paper, a computationally efficient, lumped-element model which can be applied to an arbitrary shaped integrated inductor is described, where each lumped element of our model is modelled with an individual π-model allowing better accuracy over a wider range of frequencies. The validation of the model is done against electromagnetic (EM) simulations for both 0.35-µm and 0.13-µm CMOS technologies. A statistical analysis is made over a wide range of inductors for an octagonal topology in the 0.35-µm CMOS technology. The geometric parameters of this set of inductors were generated using latin hypercube sampling (LHS).
The model is explained in Section II. Afterwards, in Section III, results are presented and the model is validated. Finally, in Section IV, conclusions are presented. Fig. 1 , illustrates a typical square integrated inductor, where n is the number of turns, w, the width of the metal turn, s, the spacing between metal turns, D out , the outer diameter and, finally, D in , the inner diameter.
II. INTEGRATED INDUCTOR MODEL
The model used in this work is based on the segment model approach [6] . The inductor is divided into segments and then each segment is characterized with the π lumped-element circuit shown in Fig. 1 .
The series branch of this model, consists of L s , R s and C p . The series resistance, R s arises from metal resistivity of the inductor and is closely related to the quality factor, being a key issue for inductor modelling. The series feedforward capacitance, C p , is usually considered as the overlap capacitance between the spirals and the underpass metal lines, also called C o [5] . However, as the minimum feature size of CMOS process continues to shrink, the spacing between metal spirals, s, can be reduced to a value similar to the distance to the underpass. Therefore the coupling capacitance between metal lines, C s , can increase its significance in the total capacitance of the device, and therefore in the self resonance frequency (SRF), which is the frequency at which the inductor behaviour becomes capacitive. C p is then given by the sum of C s and C o . The capacitance C ox represents the oxide capacitance between the spiral and the substrate. The silicon substrate is modelled with C sub and R sub [7] .
In a previous publication, we already presented calculations for L s [8] . In the following sections, the model is extended for all elements in the π circuit model. Each lumped-element is presented in detail, its physical meaning is explained and the formulas to calculate the elements are given. For completeness, inductance calculation is also presented.
A. Inductance
Inductance is one of the most critical parameter to model in integrated inductors. In 1946, Grover derived formulas for inductance calculation of various structures [9] . Greenhouse later applied those formulas to calculate the inductance of a square shaped inductor [10] . In this section the inductance calculation will be explained for an octagonal inductor, which is much more complex than square inductors [8] . The inductance is calculated as follows,
where L s is the total series inductance of the inductor, L 0 is the self inductance of each segment and M lm accounts for all the different types of mutual inductances, which may be positive or negative depending on the flow of the current. Self inductance is given by the following equation,
where l is the length of the segment, w is the width and t is the metal thickness all in cm. For inductors with more than four sides, such as hexagonal and octagonal, each segment is not a perfect rectangle, so the length of each segment is approximated by an average between the outer trace and the inner trace, for each segment. The mutual inductances can be calculated using,
where l stands for segment length and U is the mutual inductance factor, which is calculated through Eq. 4.
The distance between segments, d, is considered as the geometric mean distance (GMD) between segments, and can be calculated by, 
where, p is the distance between the center of parallel segments, usually called pitch, as shown in Fig. 2 . Note that, for the particular case of a square inductor, the series inductance calculation will not comprise the mutual inductance between two consecutive segments, since their mutual inductance is zero.
For the case of two parallel segments, for example, between segment one and segment nine (M 1,9 ) in the octagonal inductor shown Fig. 2 , the mutual inductance is calculated through equation 6.
This type of mutual inductance is shown in Fig. 3a . Another type of mutual inductance its for consecutive segments, such as M 4,3 , shown in Fig. 3 ), this types of mutual inductance is calculated through the following equation,
where l 1 and m 1 are the lengths of the segments and R 1 is the distance between the segment ends.
The case of mutual inductance where the intersection point is lying outside the two filaments, for example, M 3,5 and the case where the intersection point lies upon one filament, such as M 5,14 can both be calculated through the following equation,
(8) These types of mutual inductances are shown in Fig. 3c and  3d .
B. AC Series Resistance
When the inductor operates at high frequencies, the metal line suffers from the skin and proximity effects, and R s becomes a function of frequency [11] . As a first-order approximation, the current density decays exponentially away from the metal-S i O 2 interface, and R s can be expressed as follows,
where ρ is the resistivity of the wire, and t ef f is given by,
where δ is the skin depth, which is a function of the frequency and is it given by,
where µ is the permeability in H/cm and f in Hz.
C. Capacitances
Accurate modelling of turn-to-turn, C s , turn to underpass, C o , and turn-to-substrate, C ox capacitances is critical to obtain Q and self-resonance frequency (SRF) accurate values. The spiral to underpass capacitance C o , is given by the following equation [12] ,
where, t M 1−M 2 is the oxide thickness between spiral and the underpass metal layer and N is the number of crossovers between the spirals and the underpass metal. Traditionally C s and C ox are modelled using the parallel-plate capacitance concept [13] , however this method does not provides accuracy over 10 GHz. For a good modelling at high frequencies, the scalable distributed capacitance model (DCM) should be used [14] . To calculate the capacitances, we first define the lengths of each segment as l 1 , l 2 ,..., l n , and the total length as l tot =l 1 +l 2 +...+l n , where l n is the length of the last segment of the outer turn. Afterwards we define,
and C s and C ox can be calculated using Eq. 14 and Eq. 15 respectively.
An empirical scale factor x, of 1/3 of the total C p and C ox capacitances for each segment is shown to match the distributed capacitance for simulations over a wide range of physical parameters and layouts. This empirical capacitance factor is then used as a fitting parameter to the measured SRF and Q over a large set of inductors.
The 1/2 factor in C ox , is due to the fact that the capacitance is divided into two in the π-model. C mm and C ms , are the unit length capacitance between the metal spirals and the unit length capacitance between the metal and the substrate, respectively, and they can be approximated as follows [15] ,
where ε 0 is the vacuum permittivity and ε SiO2 is the relative permittivity. h SiO2 is the distance from the metal to substrate.
D. Substrate Resistance and Capacitance
The substrate resistance is crucial for accurately modelling of the peak Q and the shape of the Q curve, along with the series resistance R s . This resistance can be calculated by Eq. 18, given in [12] and [5] ,
where q is a fitting parameter and G sub is the conductance per unit area for the silicon substrate and can be approximated according to [15] by,
where σ Si is the conductivity of the silicon substrate and h Si is the thickness of the substrate, which is 725 µm for the 0.35-µm CMOS technology and 700 µm for the 0.13-µm technology. The substrate capacitance can normally be approximated using a simple fringing capacitance model as the one given in [5] . However, to extend our model to high frequencies with more accuracy, we use the DCM model technique to calculate the substrate capacitance, as shown in Eq. 20.
Again, the x is a fitting factor, the 1/2 factor in C sub , is due to the fact that the capacitance is divided into two in the π-model and C ss is the length capacitance between the substrate and the ground plane, which can be approximated by the following equation [15] ,
III. RESULTS AND MODEL VALIDATION
In this section the validation of the model is accomplished over comparisons against EM simulations performed with ADS Momentum [16] for different technologies and inductor topologies (square and octagonal).
Firstly, we evaluated our model for a wide range of frequencies (from near DC to 10 GHz) for square inductors in a 0.13 µm CMOS technology and compared the results with EM simulation. The number of turns was varied to validate the model for different geometries. Fig. 4 shows typical curves for two different inductors, with 3 and 4 turns. The model has also been validated in a 0.35-µm CMOS technology. Comparisons were made for an octagonal topology, against a high number of inductors, whose geometric parameters were generated using the latin hypercube sampling (LHS) strategy. Table I shows the ranges for the different variables. It is important to mention that the spacing between metals, s, was the only geometric parameter which was kept constant at 2.5 µm over the entire LHS process, which corresponds to the minimum spacing allowed by the technology. A total of 1000 inductors were obtained by this method and simulated both with ADS Momentum and our model.
The comparative study made for the 1000 inductors showed that, our model does not fit well over the entire frequency range, for all the inductors. Therefore, we restricted the study to those inductors whose geometric parameters fit in the ranges included in Table II . These restrictions to the geometric parameters are in agreement with the approximations made in our model. The maximum number of turns is 7, although it could be increased by changing the equations of the model. We limited the minimum value of D in since Eddy currents are not considered in the model equations. On the other hand, approximations on the capacitances calculation will make it hard for the model to fit EM simulations for values above 20 GHz. From the 1000 inductors generated, only 327 fulfil the conditions mentioned in Table II . The results of the statistical study for the 327 inductors are shown in Fig. 5a , 5b and 5c, for the inductance at 100 kHz, SRF and quality factor (peak value), respectively. For the inductance, the average error values is 5%. Some inductance values have more than 11% error, this is due to the fact that for some inductors, the inductance is very low, thus increasing the error percentage for a small deviation. For the SRF calculation the average error is 8% and the quality factor calculation has an average error of 3% at the peak value. It is possible to conclude that the SRF value is the most difficult parameter to approximate, due to its strong dependence on the inductor parasitic capacitances. Fig. 6 shows the curves of inductance and quality factor for one of the 327 inductors evaluated with our model and compared against EM simulation. The selected inductor has n=3, w = 9.53 µm and D in = 209 µm. As can be seen, the model presents the best matching for frequencies below 2 GHz, where the inductance value has not changed much from DC value and the quality factor is near its peak, but with a positive slope. Some authors call this the flat-bandwidth region [17] . Inductors usually work in this region, so it is extremely valuable to accurately know the inductor performance in this region. At 2 GHz, the inductance error is 2.44% comparing with EM simulation.
So it is possible to conclude that the results match well the EM simulations. The model presented, when compared with models with the same complexity [3] [18], shows smaller average errors in quality factor and SRF calculation. When compared with more complex models [19] (c) Inductor count over the different error intervals for the quality factor, in its peak value. skin effect, proximity effect, parasitical coupling and inductive coupling, our model presents slightly higher errors in quality factor and SRF calculation. Nevertheless, with the errors achieved by our model we consider that this model is suitable to be used for the analysis of RF circuits.
IV. CONCLUSION
In this paper an efficient lumped-element model to characterize integrated inductors is presented. The model uses analytical expressions to define the lumped elements where fitting factors are included to obtain better accuracy. The model is able to predict the inductance, SRF and the quality factor values with relative accuracy for different physical topologies and technologies. These results have been proven with a statistical study for a large number of different inductors. As future work, the method will be applied to different topologies, such as hexagonal and tapered inductors, and fitted to smaller frequency ranges in order to obtain higher accuracy. The final objective will be to use the model for the optimization of inductors in RF circuit design.
